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Let K2 be the geometric realization of {a: a3 = 1). Then K ’ is a 2-dimensional spine of a 
3-manifold-with-boundary, but K* x I does not collapse to a 3-manifold-with-boundary. In addi- 
tion to proving this result, we discuss the geometry involved in l-collapsing Bing’s house-with-two’- 
rooms. 
AMS (MOS) Subj. Class.: Primary 57M20; 
1. Introduction 
Bing’s house-with-two-rooms H is the classical example of a standard spine of 
the cube; that is, H has the local structure of a book with exactly three pages along 
its open l-skeleton, and the local structure of a cone over the l-skeleton of a 
tetrahedron at its two vertices. Thus it satisfies the Zeeman Conjecture [7]; the 
product H x I piecewise linearly collapses, by [3]. 
We now alter Bing’s construction slightly by pivoting the two supporting walls 
so they share a common point, forming a new house H’. This example retains the 
‘book with three pages’ structure along its open l-skeleton, although its single vertex 
disqualifies it as a standard spine. It is called a semi-standard or cubic spine of the 
cube, and satisfies the Zeeman Conjecture as well, by the more general methodology 
of [2]. 
We work in the PL category throughout this note, although the pictures of H 
and H’ in Fig. 1 are drawn circularly for convenience. Heavy lines indicate the 
l-skeletons of H and H’. 
Every 3-manifold-with-boundary has a standard spine [l]. It also has an analog 
of H’, that is, a cubic spine with a single vertex, obtained by shrinking a maximal 
tree in the l-skeleton of a standard spine. To prove the Zeeman Conjecture for such 
cubic spines would therefore imply the Poincare Conjecture. 
In Section 2 of this note, we give a simple geometric argument which collapses 
H x I. This same argument will also collapse H’ x I. In fact, it can be used to collapse 
K x I where K is a complex that does not embed in 3-dimensional space. This is 
surprising as our argument itself takes place in 3-dimensional space. 
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Fig. 1. Bing’s old house with two rooms (H) and Bing’s new house with two rooms (H’). 
In Section 3 we investigate an obstruction to certain collapses. We exhibit a 
standard spine L of a 3-manifold M such that Lx I does not collapse to any 
3-manifold at all. Such an example can not be acyclic, by [3]. 
Question. Can such an example be found in 3-space? 
It is our hope that this obstruction can be developed into a counterexample to 
the Zeeman Conjecture. Our favorite candidate for a counterexample is presented 
at the end of Section 2. 
2. An elementary argument for collapsing Z-Z x Z 
This argument was shown to the author by Bruce Trace. One first collapses H X Z 
to “H with one of its two supporting walls thickened to a 3-cell”, a subset of 3-space 
which is illustrated in Fig. 2. This is done by collapsing H x Z vertically downward 
Thickened wall 
Collapse to 
this arc A 
Fig. 2. Detail of supporting wall in Bing’s old house H. 
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to H x 0, except on the supporting wall itself plus a small annulous affixed to its 
boundary, which are not collapsed at all. 
Collapsing this 3-cell from its side yields a collapsible 2-complex (see the detail); 
our 2-complex now has a 2-cell with a free face. The 2-cell is H minus the two 
supporting walls, and the arc A in the detail is the free face. The rest of the collapse 
is trivial. 
Note that the crucial steps in the above argument all take place in a neighborhood 
of a supporting wall of H. This will enable us to use the same technique on other 
examples which contain the same ‘supporting wall configuration’ as a subset. 
One advantage of a 2-complex with a single vertex is that it may be described as 
the geometric realization of a finite group presentation. Bing’s new house H’, for 
example, is the realization of the presentation {a, b, c: aca-‘bcb-‘c-l, a, b}. We call 
a group presentation cubic if each generator (and its inverse) appears exactly three 
times in the relations. Thus, cubic group presentations correspond exactly to cubic 
2-complexes with a single vertex. 
Consider the geometric realization of {a, b: ubu-‘b-2}. This 2-complex does not 
embed in an orientable 3-manifold, as one may deduce from Neuwirth’s algorithm 
[4] or prove directly by examining the link of its vertex in the 2-sphere. 
Let K be the geometric realization of { a, b: aba-’ bm2, a}. We now show that K x I 
collapses by repeating our elementary argument. 
Theorem 1. There exists a contractable cubic 2-complex K which does not embed in a 
3-manifold such that K x I is collapsible, namely, the complex K described above. 
Proof. The relation ‘u’ in the group presentation of K represents a nonsingular 
disk in the geometric realization of K. We call this disk the ‘supporting wall’ of K. 
This terminology is justified by the fact that a neighborhood in H of a supporting 
wall of H is homeomorphic to a neighborhood in K of the supporting wall of K. 
To see this, let W denote the ‘left half’ of the l-skeleton of H, consisting of the 
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N(W) be a regular neighborhood of W in H. If we identify the two triods at the 
ends of the semicircle, using an (orientation reversing) identification which flips the 
up and down direction, the resultant set is a neighborhood of the l-skeleton of K. 
Thus, we have shown that H and K are identical in neighborhoods of their 
supporting walls. 
The collapsing trick used in H x I near its supporting wall now works identically 
in K x Z, proving Theorem 1. 
Stronger results than Theorem 1 have been established by Wajda, by using 
collapsing arguments which are more difficult to visualize [6]. He proved that 
the complex K’= {a, b: aba-lb-*, ab”} satisfies the Zeeman Conjecture for any 
integer n. 
Our favorite candidate for a counterexample to the Zeeman Conjecture is the 
geometric realization of {a, b: aba-lb-*, babP’aP2}. Neither of the singular 2-cells 
of this example embeds in 3-space. Does this cause an obstruction to collapse? 
In the next section, we discuss a simpler example in which some sort of obstruction 
can actually be proved. 
3. A strange spine 
In [2], it is proved that any semi-standard spine Yt of an acyclic 3-manifold-with 
boundary 4 has the property that XX I\&, that is, Yt x Z collapses to a set 
homeomorphic to Jtl. We now prove our main result, showing that the ‘acyclic’ 
hypothesis may not be removed. 
Theorem 2. Let L be the geometric realization of {a: a3 = l}. Then L is the spine of 
a 3 -manifold-with-boundary, but L x I does not collapse to a 3 -manifold-with-boundary. 
Proof. Let / be the simple closed curve consisting of all non-manifold points of L 
(the l-skeleton of L). A neighborhood of J in L is easily embedded in 3-space. We 
now select a neighborhood of J in 3-space and extend it abstractly to a 3-manifold 
containing L as its spine. This proves the first part of Theorem 2. (In fact, this 
3-manifold is the lens space L(3, 1) minus an open ball, which is the motivation 
for calling our complex ‘L’, but this is irrelevant to our argument.) 
We show that Lx I does not collapse to a 3-manifold by proving a stronger fact: 
Any 3-manifold subset M of LX Z is not homotopy equivalent to LX I via the 
inclusion map. To see this, we examine the set M. (J x I) = X. No component of 
X separates the two boundary curves of the annulus J x I, because: If it does, in 
its boundary lies a simple closed curve 9 of aM which separates the boundary 
curves of J x I. The curve 9 is nontrivial in the homology of Lx I. However, 2 lies 
in aM, which is a finite set of 2-spheres, by [5, p 2311, yielding a contradiction. Thus 
we may assume that M does not intersect p x I for p a point of J. But this implies 
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that M is not homotopy equivalent to K x I, by the following diagram: 
l* H,(M) - H,((L-p) x I)2 H,(Lx I) 
II II II 
L i. 
z3 - Z@Z - 23 
The maps i and j are inclusion maps. Since i* must be trivial, the composition is 
not an isomorphism. This completes the proof of Theorem 2. 0 
References 
[ 1] B.G. Casler, An embedding theorem for connected 3-manifolds with boundary, Proc. Amer. Math. 
Sot. 16 (1965) 559-566. 
[2] J. Donald and D. Gillman, Strong 2-complexes and the Zeeman Conjecture, Michigan Journal of 
Mathematics, submitted. 
[3] D. Gillman and D. Rolfsen, The Zeeman Conjecture for standard spines is equivalent to the Pointcare 
Conjecture, Topology 22 (1983) 315-323. 
[4] L. Neuwirth, An algorithm for the construction of 3-manifolds from 2-complexes, Proc. Cambridge 
Phil. Sot. 64 (1968) 603-613. 
[5] H. Seifert and W. Threlfall, A Textbook of Topology (Academic Press, New York, 1980). 
[6] W. Wadja, One-collapsing the general dunce hat, dissertation at SUNY Buffalo, August, 1978. 
[7] E.C. Zeeman, On the Dunce Hat, Topology 2 (1964) 341-358. 
